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The properties of dark matter admixed strange quark stars are investigated in the Starobinsky
model of modified gravity. For quark matter we assume the MIT bag model, while self-interacting
dark matter inside the star is modelled as a Bose-Einstein condensate with a polytropic equation
of state. We numerically integrate the structure equations in the Einstein frame adopting the two-
fluid formalism treating the curvature correction term non-perturbatively. Our findings show that
strange quark stars (in agreement with current observational constraints) with the highest masses
are equally affected by dark matter and modified gravity.
I. INTRODUCTION
The ΛCDM model, although very successful in de-
scribing a vast amount of observational data, it suffers
from the cosmological constant problems [1]. Therefore,
other possibilities have been explored, such as dynamical
dark energy models [2] with a time varying equation-of-
state parameter or modified gravity models, e.g. f(R)
theories of gravity [3, 4], where the Ricci scalar R in the
Einstein-Hilbert term of General Relativity (GR) is re-
placed by a generic function. In addition, self-interacting
dark matter has been proposed in order to alleviate
some apparent conflicts between astrophysical observa-
tions and the collisionless dark matter paradigm [5].
Nowadays the main motivation to study f(R) the-
ories of gravity is to explain the undergoing accelera-
tion of the Universe, however one should investigate the
astrophysical implications of this class of theories too.
In compact stars [6], such as white dwarfs and neutron
stars, matter is characterized by ultra high densities, and
therefore they are excellent natural laboratories to study
modified theories of gravity, since the extreme conditions
they offer us cannot be reached in Earth-based experi-
ments. Based on theoretical arguments a new class of
compact objects has been postulated to exist – strange
quark stars. There are some hints that such objects can
exist in nature, and even explain the recent observations
of super-luminous supernovae [7, 8]. This type of super-
novae events occurs about one out of every 1000 super-
novae explosions, and are more than 100 times brighter
than normal supernovae. One plausible explanation for
the formation of strange quark star is that neutrons are
further compressed so that a new object made of de-
confined quarks is formed [9, 10]. This new compact star
has a much more stable matter configuration than a reg-
ular neutron star. Its formation could explain the origin
of the huge amount of energy released in super-luminous
supernovae.
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Equally, it was shown recently that compact stars
made entirely of self-interacting dark matter may also
exist [11]. In that work bosonic dark matter with a
short-range repulsive potential was modelled inside the
star as a Bose-Einstein condensate. In this scenario a
polytropic equation-of-state of the form Pχ(ǫχ) = Kχǫ
2
χ
was derived [11, 12], where the constant Kχ was found to
be Kχ = 2πlχ/m
3
χ, with mχ being the mass of the dark
matter particle, while lχ is the scattering length that de-
termines the dark matter self-interaction cross section
σχ = 4πl
2
χ. Although dark matter (DM) may not inter-
act directly with ordinary matter, it can have significant
gravitational effects. Although the properties of dark
matter inside stars have been studied in a large amount
of literature [i.e., 13–20], the nature and origin of DM still
remains a mystery, constituting one of the biggest chal-
lenges in modern theoretical cosmology. The properties
of compact stars made of ordinary matter admixed with
condensed dark matter have been studied in [21–24], and
similarly admixed with fermionic matter in [25–29].
Although at first it was pointed out that f(R) theories
of gravity are unacceptable since they cannot support
interior solutions of relativistic stars [30], it was shown
later that it is the properties of the trace of the mat-
ter energy-momentum tensor that determines whether
relativistic stars exist or not [31]. It is the goal of the
present work to study condensed DM admixed strange
quark stars in f(R) theories of gravity, and in particular
in the well motivated Starobinsky model f(R) = R+aR2,
i.e., a quadratic correction to the Einstein-Hilbert term
[32]. Relativistic stars in f(R) theories of gravity, and
in particular in the Starobinsky model, have also been
studied in [33–39]. This study will help us to have some
insight on how a strange DM star evolves in a f(R) the-
ory of gravity. During the process we will gain a better
understating how DM interacts within a modified field of
gravity.
Our work is organized as follows: In the next section
we present the model as well as the observational con-
straints, while in section 3 we present the structure equa-
tions, which are integrated numerically, and we discuss
our numerical results. We finish concluding our work in
the last section.
2II. THEORETICAL FRAMEWORK
A. Alternative theory of gravity
The model in the so-called Jordan frame is described
by the action
S =
1
16πG
∫
d4x
√−gf(R) + SM [ψi, gµν ] (1)
where G is Newton’s constant, gµν is the metric tensor,
R is the Ricci scalar, and SM is the matter action that
depends on the metric tensor and the matter fields ψi.
In the following we shall be considering the Starobinsky
model f(R) = R+ aR2 [32], where a is the only free pa-
rameter of the gravitational theory, and clearly the a = 0
case corresponds to GR. The parameter a has dimensions
[mass]−2, and therefore it can be written also in the form
a = 1/M2, where now the mass scale M is the free pa-
rameter of the theory. From a theoretical point of view
the R-squared gravity is well-motivated, since higher or-
der in R terms are natural in Lovelock theory [40], and
also higher order curvature corrections appear in the low-
energy effective equations of Superstring Theory [41].
As usual we choose to work in the Einstein frame by
performing a conformal transformation [36–38, 42, 43]
g˜µν = A
−2gµν (2)
where A = e−φ/
√
3, and where the action takes the equiv-
alent form [36–39, 42, 43]
S =
1
16πG
∫
d4x
√
−g˜[R˜− 2g˜µν∂µφ∂νφ− V ] + SM [ψi, g˜µνA2] (3)
Clearly the system looks like GR with an extra scalar field
with a self-interaction potential V given by [37, 38, 42]
V ≡ V (φ) = (1− e
−2φ/
√
3)2
4a
. (4)
Expanding in powers of φ it is easy to see that the mass
of the scalar field is given by m2φ = 1/(6a) = M
2/6,
and therefore to avoid tachyonic instabilities m2φ < 0, we
require a > 0.
Varying with respect to the metric tensor and the
scalar field one obtains Einstein’s field equations as well
as the Klein-Gordon equation
G˜µν = 8πG[T˜µν + T
φ
µν ] (5)
∇µ∇µφ− 1
4
V,φ = −4πGαT˜ (6)
where T φµν is the stress-energy tensor corresponding to
the scalar field, ”, φ” denotes differentiation with respect
to the scalar field, while due to the conformal transfor-
mation there is a direct coupling between matter and the
scalar field with the coupling constant being α = −1/
√
3
[36–39]. The matter energy-momentum tensor Tµν in the
Jordan frame and T˜µν in the Einstein frame are related
via [36] T˜µν = A
2Tµν , and in particular in the case of a
perfect fluid the energy densities and the pressures in the
two frames are related via ǫ˜ = A4ǫ and [36] P˜ = A4P ,
where the tilde indicates the Einstein frame.
B. Equations of state
For ordinary quark matter we shall consider the sim-
plest equation of state corresponding to a relativistic gas
of de-confined quarks, known also as the MIT bag model
[44–46]
Ps =
1
3
(ǫs − 4B) (7)
and the bag constant has been taken to be B1/4 =
148MeV [47]. Although refinements of the bag model
exist in the literature [48–50] (for the present state-of-
the-art see the recent paper [51]), the above analyti-
cal expression ”radiation plus constant” has been em-
ployed in recent works, both in GR [52], where it was
shown that the observed value of the cosmological con-
stant Λ ∼ (10−33eV )2 is too small to have an effect, and
in R-squared gravity [37, 39]. Therefore, despite its sim-
plicity, we will consider the MIT bag model in the present
work, since it suffices for our purposes, and we will take
the cosmological constant to be zero.
For the condensed DM we shall consider the equa-
tion of state obtained in [11], namely Pχ = Kχǫ
2
χ, where
the constantKχ = 2πlχ/m
3
χ is given in terms of the mass
of the dark matter particlesmχ and the scattering length
lχ. In a dilute and cold gas only the binary collisions at
low energy are relevant, and these collisions are charac-
terized by the s-wave scattering length lχ independently
of the form of the two-body potential [11]. Therefore we
can consider a short range repulsive delta-potential of the
form V (~r1 − ~r2) = (4πlχ/mχ)δ(3)(~r1 − ~r2), which implies
a dark matter self interaction cross section of the form
σχ = 4πl
2
χ [11, 12].
3C. Observational constraints
Since a light scalar field can mediate a long range at-
tractive force, one expects modifications to the Newto-
nian potential 1/r. Therefore, the mass of the scalar field
must be sufficiently high in order to be compatible with
solar system tests. The expression of the Post-Newtonian
parameter γ, which has been measured by the Cassini
mission, in f(R) theories of gravity was obtained in [53].
On the one hand the parameter γ in f(R) theories it has
been computed to be γ = (3− e−Mr/
√
6)/(3 + e−Mr/
√
6),
where the function e−Mr/
√
6 corresponds to e−mφr with
mφ being the mass of the scalar field. For the Starobinsky
model mφ = M/
√
6. On the other hand the measure-
ment according to the Cassini mission is the following
[54] γ = 1+(2.1±2.3)×10−5 for which r = 1.5×108km.
Therefore the mass scale M characterizing the Starobin-
sky model must satisfy the conditionM ≥ 4×10−26GeV .
What is more, current observations constrain self-
interacting dark matter [5, 55–57], and here we apply
the bounds 0.45 cm2g−1 < σχ/mχ < 1.5 cm
2g−1. By
fixing lχ = 1fm the above condition implies the following
range for the mass of the dark matter particle 0.05GeV <
mχ < 0.16GeV , and thus the lowest and highest values
of Kχ are determined by the relation Kχ = 2πlχ/m
3
χ.
Therefore in the following we shall consider:
(a) for the a parameter in Starobinsky’s model several
values in the range
5× 1076
m2pl
≤ a ≤ 10
88
m2pl
, (8)
where mpl = 1.22× 1022 GeV is the Planck mass.
(b) regarding the DM equation-of-state Kχ values that
respect the limits on the self-interaction cross sec-
tion, i.e.,
4
B
< Kχ <
150
B
, (9)
where now the constant Kχ is given in units of the
bag constant.
The values of the a parameter considered here are also
compatible with observations regarding the emission of
gravitational radiation from binary systems. The calcu-
lation in the framework of GR can be found in [58, 59],
while for a similar calculation in the framework of f(R)
theories of gravity see [60–62].
III. NUMERICAL RESULTS
Seeking static spherically symmetric solutions of the
form
ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2dΩ2, (10)
where dΩ2 ≡ dθ2 + sin2θdϕ2. one obtains the following
structure equations [36]
1
r2
d
dr
[r(1 − e−2λ)] = 8πGA4ǫ+ V
2
+ e−2λ
(
dφ
dr
)2
(11)
2
r
e−2λ
dν
dr
− 1
r2
(1− e−2λ)) = 8πGA4P − V
2
+ e−2λ
(
dφ
dr
)2
(12)
d2φ
dr2
+
(
2
r
+
dν
dr
− dλ
dr
)
dφ
dr
= 4πGαA4(ǫ− 3P )e2λ + 1
4
V,φe
2λ (13)
dP
dr
= −(P + ǫ)
(
dν
dr
+ α
dφ
dr
)
(14)
where P and ǫ are the pressure and the energy density
respectively of a single fluid. Clearly when the scalar field
is absent one recovers the usual Tolman-Oppenheimer-
Volkoff equations [63, 64].
The system of coupled equations is supplemented with
the initial conditions at the center of the star (r = 0):
ǫ(0) = ǫc, λ(0) = 0 φ(0) = φc and dφ/dr(0) = 0, where
ǫc and φc are the central values of the DM energy density
and of the scalar field respectively, and the last condition
ensures the regularity of the scalar field. In principle
one could handle the problem in perturbations theory,
assuming that the parameter a is small and therefore the
higher order term in R just perturbs the GR solution.
However, it was shown in [36] that in dealing with rel-
ativistic stars an analysis based on perturbation theory
does not provide us with reliable results, and therefore
in the present work we shall treat the problem exactly,
i.e. non-perturbatively. We wish to stress the fact that
contrary to ǫc, φc is not an arbitrary initial value but
it must be determined self-consistently. In the exterior
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FIG. 1: Mass-to-radius profile for DM admixed strange quark
star (with Kχ = 4/B and fχ = 0.1) in a f(R) theory of gravity
with 3 different values of the a parameter: a = 1077 (red
curve), a = 1078 (blue curve), a = 1079 (magenta curve). The
profiles of a strange quark star in GR (a = 0) without DM
(gray curve) and with DM (black curve) are also shown for
comparison.
problem solution all three quantities P = ǫ = φ = 0 are
zero, and therefore when we consider the interior prob-
lem solution we must require that both the dark matter
energy density and the scalar field vanish on the surface
of the star radius (r = R∗): ǫ(R∗) = 0 and φ(R∗) = 0,
which clearly is not possible for any φc. Therefore fix-
ing the numerical values of the parameters a,K, ǫc, the
scalar field central value φc is determined requiring that
φ and ǫ vanish simultaneously at the surface of the star.
As usual the radius of the star R∗ is determined by the
condition P (R∗) = 0, while the mass of the star M∗ is
given by M∗ = m(R∗), where the new function m(r) is
defined as follows
1− 2m(r)
r
= e−2λ(r). (15)
Finally, if inside the star there two fluids without direct
interaction, we need to work in the two-fluid formalism
[65, 66], according to which in the first 3 equation above
P (≡ Ps + Pχ) and ǫ (≡ ǫs + ǫχ) are the total pressure
and the total energy density respectively, while there is
a set of equations:
dPi
dr
= −(Pi + ǫi)
(
dν
dr
+ α
dφ
dr
)
, (16)
one for each fluid separately (i = s, χ).
In this case in order to integrate the structure equa-
tions we need to specify the central values both for ordi-
nary quark matter and for dark matter Ps(0) and Pχ(0)
respectively. So in the following a certain DM scenario
is defined by both the constant Kχ = 2πlχ/m
3
χ and the
dark matter fraction
fχ =
Pχ(0)
Ps(0) + Pχ(0)
. (17)
Figures 1-6 summarize our numerical results. Figure 1
shows the mass-to-radio profile of a DM admixed strange
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FIG. 2: Mass-to-radius profile for DM admixed strange quark
star (with Kχ = 150/B and fχ = 0.05) in a f(R) theory of
gravity with 3 different values of the a parameter: a = 5×1076
(red curve), a = 1080 (blue curve), a = 1088 (magenta curve).
FIG. 3: Scalar field φ as a function of the dimensionless star
radius r/R∗. The compact star is an admixed DM strange
quark star for which Kχ = 150/B and fχ = 0.05. The scalar
field is shown for 3 different values of a: a = 5 × 1076 (red),
a = 3 × 1077 (blue), a = 1078 (magenta) and central total
pressure P (0) = B (or 0.36% of DM).
quark star for the DM scenario Kχ = 4/B, fχ = 0.1
and 3 different values of a = 1077, 1078, 1079 (in units
where G = 1 = mpl). Figure 2 is similar to Figure 1, it
shows the mass-to-radio profile now for the DM scenario
Kχ = 150/B, fχ = 0.05 and for f(R) theory of gravity
with the values of a = 5× 1076, 1080, 1088.
Figure 3 shows the scalar field φ versus the star’s di-
mensionless radius r/R∗, while figure 4 and 5 show the
metric functions and the normalized pressure P/B of the
fluids, respectively, as a function of the star’s dimension-
less radius r/R∗ for the same DM scenario (Kχ = 150/B
and fχ = 0.05), central total pressure P (0) = B, and for
a = 5 × 1076, 3 × 1077, 1078 (or 0.36% of DM). Varying
a does not have any effect on the pressure and metric
(cf. Figures 5 and 4), but it has some impact on the
solution for the scalar field (cf. Figure 3). Finally, the
last figure shows the mass-to-radius profiles for two DM
models, namely model A with Kχ = 4/B and fχ = 0.09,
and model B with Kχ = 150/B and fχ = 0.05, both in
GR (a = 0) and in Starobinsky’s model for a = 1077). In
5FIG. 4: Same as figure 3 but for the two metric functions
(equation 10): e2ν (blue curve) and e2λ (red curve). The
metric functions coincide for all 3 values of a (see figure 3),
so there is only one set of curves.
FIG. 5: Same as figure 3 but for the normalized pressure
Pi/B (i = s, χ) of the fluids. Shown are the curves of the
total pressure in black,the quark pressure in blue and the
DM pressure in red. The metric functions coincide for all 3
values of a (see figure 3), so there is only one set of curves.
Note that curve corresponding to DM pressure (red curve)
has been scaled to 10:1 for better visualization.
all 3 figures showing the mass-to radius profiles, the dif-
ference compared to the standard curve corresponding to
GR without DM appears in the upper part of the curves
for star masses higher than at least one solar mass.
Our numerical results indicate that alternative f(R)−
theory of gravity or the presence of DM inside the star
predict very similar mass-to-radius profiles. Bosonic DM,
however, can give potential signatures that can never oc-
cur in modified theories of gravity. For example, in par-
ticle physics models with a rich Higgs sector with both
neutral and charged Higgs bosons, two DM particles can
annihilate to a pair of photons via loop Feynman dia-
grams in which charged Higgs bosons circulate, see e.g.
[67]. These monochromatic gamma rays could be de-
tected by the Fermi telescope [68].
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FIG. 6: Mass-to-radius profiles for two DM admixed strange
quark star in an f(R) theory of gravity (with a = 1077): model
A (black curve) with Kχ = 4/B and fχ = 0.09; and model
B (magenta curve) with Kχ = 150/B and fχ = 0.05. For
comparison, we also show the same models of DM admixed
strange quark stars in GR (a = 0), model A (blue curve) and
model B (orange curve). The same strange quark star without
DM in GR is also shown for comparison(gray curve).
IV. CONCLUSIONS
The properties of DM admixed strange quark stars in
the Starobinsky model f(R) = R+aR2 have been investi-
gated, and the structure equations have benn integrated
numerically to produce the mass-to-radius profiles for the
relativistic compact stars. Dark matter is assumed to
be bosonic and self-interacting characterized by a DM
particle mass mχ and a scattering length lχ, and it is
modelled inside the star as a Bose-Einstein condensate
leading to a polytropic EoS. We have assumed that ordi-
nary quark matter and DM interact only gravitationally,
we have adopted the two-fluid formalism in the Einstein
frame, and we have treated the higher order in R term
non-perturbatively. Considering values of a,mχ, lχ com-
patible with current data, we have investigated the effect
on the properties of the stars, such as total pressure,
scalar field solution and mass-to-radius profiles, of the
amount of DM as well as the higher order in R term.
We found that for strange stars the impact of condensed
admixed bosonic dark matter and f(R) modified gravity
affect equally the higher masses of compact stars. This
result shows that known observational effects of gravity
observed in the Universe could be equally attributed to
a modified gravity or dark matter particles.
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